
Fourier Transform of Operators

÷
q ) 10 ) = lq } = fcxlq> In >

x

= fn< nice > atexslo >

⇒ atca ) = fated< nice >

x

e.g .
if 9 corresponds to the ground state

Of simple harmonic oscillator .

then

1/4 - MWk2/z
atca ) =(m÷o)SaHx) e

se

This provides another way
to think about the

Commutation relations . e. g .

Acri atcsez ) - satcdz ) acaj ) = 8cm - az )

is the most common way
to white the

commutation / anti - commutation relations .

But

Funnier transforming it gives .

acgs ) atcaz ) - s atcqz ) acas )

= < Islas ) as expected .



Intuition for

acq ) IUI -
- - . Un >

- @

=

Ejiestitielujylus

- - . Cnou;) - . . on >

Let's work in the real space
basis .

Aca ) IN ,
- .  -

. An }

= age ) Attn ) atenz ) - - -
attain ) lot

if a does not belong
to the set

{ Ni , kz ,  
-

- . an } then this B identically

zero .
So let's assume

that N= kj .

Passing
U through Ni to Nj -1 yields

a sign of st - 1 ⇒ acnltk ,
- nn >

= st - 1 ateses ) ...  .
.

atcn ;→ ) acnsnatcn;)

-
- - atcnn ) to >

=
SJ ' L at Cns ) .

:
 . atcaj . 1) [ Itsaltggafn;D

- -
- atnen ) 10 )

= sit In ,
. - Cron ;) - An >

Fourier transforming yields Q above
.



General Operators using creation / Annihilation

operators .

The best part about operators atcui )
,

acui ) is that instead of asking
66 what is i. th particle doing?' '

C which is a badly framed question since

we are dealing with idenhzd ipauhides !

we can ask
£6

which Processes is

the single particle level luis is

Participating in
'

?
79 ( which is a well

posed question for Identical Particles

because It focusses on levels rather

than particles - single - particle leveled

( Uil areofeoiige distinguished from

each other by the Level
' i ' )

.

To quote Weinberg :
66 As far as we know

,

every electron in the universe is identical

to every other electron , e×=ept for



the values taken key
their positions

Cor momenta ) and spin components .

Following Feynman 's chapter - to
,

consider

anotkator AH that aetsony on

single - particle States
,

For the action of an operator to

respect the identical nature of the

particles .
we waded like to find

a mayday counterpart of Ad

that acts as :

A ly > = A 1 Us ,  . . . . Un >

= A §SP lupus > lupus >
. lupcni

= § sP[( At )
lupcs , > ) lupcz , > - duped

+ lupus > l AN lupcz , > ]
- . -

lupus >

+ tupci , } lupus > -
-

- AN lupcn , >



66

i. e .
A represents the sum of ACD ' '

over all Particles ,
and thus respect their

Identical nature .

for example if

I Ui > is an eigenvector of AM with

eigenvalul Ui .
then

A lyy = § SP ( upce , tupa 't .  - tupcnd

lupus > IUPCSDZ - lupu ,D

= ( Ustuzt .  -
. Un ) IYY

.

Next consider a more interesting operator

AC'1= 1 a > ( Bl
. Using

definition of A above

AIQ > = §
SP [ 5 Blupa ,> It > lupus >

- .  - -

lupcn , >

+ / Upi ) ) < Blupcz , > K > lupess >

- .  - -
lupen , >

+ lupin > lupus > - - - . < plupen , >

ix > I



= < plus > 12
, Uz ,

- - - Un >

+ < Bluz > I Us ,
&

,  
- - - Un >

- - . .  . -

.

+ < Blum > lus , uz ,  
. .

A >
n

=E<BIUK > 1 Us Uz - -
- Ukt Lukts

k=l - . .
Un >

1  .

This looks like as if we are destroying
state IB > and creating 127 .

So it

makes sense to compare
with the

the action of atcxl ACB ) .

At ( x ) ACB ) IU 's Uz .  - -
Un >

n k - 1

= at ( & ) [ S<Bluk > lusuz .  - Cnour )

k =L - - - Un >

= . [§ Sk
' £< Blur > 12 Us Uz .  

1hours )

-

- .

'

an
>

n

= { < BIUK > Ills Uz=
. .Uk . 1 LUKTI

k=L
- .  - Un

'

>



⇒ Eat
Next consider a more general

operator that acts on single pantile

stales : A . =[AIBla > < BI
dB

where A' ' Los = < BI A "
la >

using linearity ,

A

÷
Eaten) acp ) Ayp

dB

Exampled
( i ) AG )

= 1141 = identity operator

acting on a single

Particle state .

⇒ A =
E atc*) acpskl # If >
×

+

=
I a (d) acx )
&

^

= End = total particle
x number .



One can write this in any
basis one

wishes to i

§ atx ay = fddx atcxiacx )

= fdtp atcpacp )

( 2nd

Cii ) Hamiltonian of non . intruding
particles

Now we return to the problem we started

from at the beginning of decline -1

:H
H = p2

- + Vcx )
2W

( NIH
#

Inc > = -17-2 sdcu . a ' 7

ZM

+ vcu ) sdc a- a ' )

⇒ H = fdtxddxkxlHahn > atcnacn ' )

= fdknddn ' [ - ten sdcmne ) tray

gdutn 'T
atcnlacrd



= fddn ateul [ - Ifmtvcn ) ]acn )

Since acre ) = facp)eipinddp
( Zt )d

H also equals

fddp
(F) d

# atcplacp )
ZM

+ fddpddq_ atcptq ) acp ) Vcq )

( 2A )d

where veq ) =
fddse very I

 " 9 "

Finally consider writing H in the

eigenbasis of HH Creole the two .

pantile Problem be solved ) ,
which we

denote by lax >

#tinkers > - Eu
,

SLB



⇒

Hematoma

L
_

It Is crucial to note that H is

the Hamiltonian of the system

irrespective of how many particles
=

threadinggiven problem This
-

is because the operators a. at aet

in multi - pantile space .
This Is

the essence of working
in this

notation .

In the old notation .

H= FHH ' where HM is the

Hamiltonian for n - Particles :

-

HH = [ Eu
, ... . an

luis - - . an > < use .  . - unl

de - - Un

and Eu
, - .ua

= East East .

-
+ Eun

C see defn . of Efua at the top of this page .



Working in terms of creation 1 annihilation

operators enormohly simplify the

expressions C and actual calculations
,

as we will soon see ) .

Hamiltonian of interacting particles

using
creation lannihilabion

operators .

Consider a two - body Hamiltonian

HE ) Cni
, Nj ) e-

eg.
a coulomb

potential between changed particles

eh
~ - °

1mi-njl

To simplify the calculation , let's

work in the real - ace basis where

the operator is already diagonal ,



Thus
,

the action of HK ) on two . particle state is

He 1
= { fd3xd3y In .y > Hthniy )

< n.gl

and
' therefore action of H on

many
. body

state 13 this ;

H I X
, , Xz .  - - XNY

.
recall this B sym lank sym

already ,

= I
?±Hg4cn

:* ;) In
, . - - an>

The form of tco ) suggests that in

tens of the creation - annihilation

operators::

H = lz fd3nd3y atcnlatey )

Hd age acn )



Let's verify than the B indeed

correct :

Acyl acx7 IN , - - . An )
n

=aeg ) ZSK '
< xlnk > Ki . - -

k=1 @o Uk ) -
- . An)

= acg ) IE
,

sktsdcse - xk )
tk , - - - Cno Nk ) . au )

n

= E shit gdca - ak )
k=l n

Z Mjk IN, . .  -

( no nk
, Nj )

j=i - .
.  . Rn )

JIK Sdcy - nj )

Njk = sjt if j< k

si is j > k

(
easy to see this )



⇒ at (a) atcy ) acjlacnllni - - . an )

=
E skin ;k

8D Crunk )
jtk

→ shy . af )
double Summation

In ,y , a .  - - cnoaksnj )

= §+ ksktyjksacking
" >

Stacy - nj )

I Hk , Nj ,
- .  -

Cno Rk , Nj )

- -
- . Nn )

if j< k

Ni Nz .
-

. Nj - . . Nk

- . - - . Nn

The Phase factor picked up in

going from tdk
, Nf - -

Cno nk , ng ) . 'm )

to IN ,
- Nj -

. drnnn ) is

gj - 1 gk - 1 which canals out

skt Njk factor .



The other case also works but

similarly .

⇒ atom aty ) acy ) acre )

1k , - -
. an )

= I

Sdca
- ak ,

sdcy
. bej )

jtk
in , .

- - an >

⇒ lz
fddnddy

atom atey )

H ⇐

he,y)acy7
acres

= 1 EHN( xi
,

n ;) In
, - - - ND

2 is # j

[YE{Sddxddyatcn)a+a#fHatayama



Example # 1 Coulomb Hamiltonian

Ha C a. y 7 = I
IKYI

⇒
'

µ= 12 Sddnddy aten ) afy,

e2
- acyl acn )

In - YI

Fournier transformingInd
=3

H= lz fd3q d3p d3p/
(F) 3 # ¥73 ¥2
at ( ptq ) at Cptq )

acp ' ) acp )

Example # 2 contact Interaction

tclcaey ) = Sdcney )

⇒ H ={ Sddnddy atcnnatey )

=±Sddn[a*ca ,]da{ygyaggiaexs
( ~ non - zero only for bosons )



Summary so far
-

:

JOne-bodyttamiltoniaususingcreat.tn#operatovs:_f

Old

notation
:

ti°k=
E times :)
i  

=L

New notation :

^ new ^ ( I )
H =[sxl H In ' > atcx ) acne )

N ,x
'

Important not :
N ( = no . of particles )

does not enter into tt in the new

notation at all
.

This is keeause th

now acts in the multi . pantile Hilbert

space . . Therefore .
tue precise relation

B '

- hold = pcn ) µ^ new pcn)

where pH is the projection operation

onto n . pantile Hilbert spall .



-

Two body Hamiltonians using

Hofhilationop_at0ldnotationniHoedeEHc21Cnisnjo7ioje1Newnotahionntinew-Efn.ylti@tri.y

. >

Inn'

aten atcy )yye

acyl acn )

Once again ,

µ^0ld= pcn ) tynewpcnj

The fact that the pantiles one

bosons or fermions is captured solely

by the commutation - anbicomurwhahioy
relations .

Recall :



/÷⇒tnnsa±:¥÷facn ) atcy) -satem aca )

=8dCn-÷
Recovering Schrodinger's Equation

in The New Notation

First consider one - body Hamiltonian

µ= fddnatom ftfmtvcn ] acres

bets consider a # particle

whose motion is described by theakove

H

⇒ fddn atom ftp.mtvesifacsy147
= E he >



The main idea 13 that one can

expand 14 > as :

he > = fddnucnsatcx ) Io >

where 107 Is a state with no

particles ,

⇒ fddn atom
ftp.mtvcatfacmfddr/Ucxe7atcaA

10 >

= Efdterecnlatom 10 >

Now one can use commutation /

anti - commutation relation to simplify
this

⇒ jddafddaatou ) film + Has ]
Ucn ' ) [ gdca . an + satin ' )

acnnjlo >
= E fddn ucunateano >

⇒ fddnatcnlltdtucnlare tvcnlucay
io >

= E fdda uculatcaho >



Now we take dot Product with

Ater 's 10 >

=) fddokolace ) aha )

=t2uca)_ + Rasual to >
ZMDRZ

= E Sdda < ol acxi ) atenlo >

Uca )

Once - more using the wmuunlanti.com .

relations .

⇒f÷¥÷ImT_
They .

the wave .tnin the older

notation is just the expansion

coefficient of atal inthe wavefn

in newer notation
.



Nextconsider two particlesFuthe
Same potential ;

Now expand

Henry ) =]atcnl at g)
MY YCN, y ) 10 >

⇒
fddn

atcnifzntng
+ vcxtfacn

fdddlddy
' YIU

'
, yc ) 10 >

atcni ) atey ' )

= E fddnddy yen .gs

atculatcy ) 107

Let's focus on the L . H . s . first ;

fddndteiatex
) [ -

ten

+ vial ] Yen !Y
')

ddyl
acnlatcn ' ) atcy ' ) Io >



Tddndteatex) [ - ten + vial ] 4th

YDddyl
acn ) at CN ) at cy

' ) to >

= fddaddx
' ddy ' at #my + real ]

Hk
'

. Y
' )

[ gdcse . xD + s atca ' ) acre ) ] atcy ' ) 10 >

= fddaddnd
' ddy ' at Ca ) ftp.#n+vcn ) )

yca
'

iy
' ) [ 8D Ca . al ) atey )

+ s at Cai ) sdcx . y
' ) ] 10 >

= fddnddy ' at Ca ) C- MIG tvcxpvcny 'D

atcy ' )
107

+ s Sddnddse ' atca ) ftp.#ntvea)BucnIn)
at CN ) 10 >

.

= fddnddx ' atcn ) at end tttkzmtvnl]
Ycn ,n ' )

+ sfddnddn '

atwater)teamingacre, RT



Taking
dot Product with atcnlatcanio >

⇒ fIf +venifvcn .se ' I

+ ftp.rcx ) ] recant

2:
-

E YCUCK ' )

Cleanly ,

YCN ,u ' ) = Uacnlu , .cn ' )

is a solution .
and now

14 > = Uxcn ) uxecx ' ) atcnl
S

atcne ) 10 >
No N

'

Is automatically symmetiwdl

anti - symmetrized .

Indeed
.

14 > = IUL Ua , >

since Ma > = fatca) Uxcn ) to >
a


